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We consider the problem of extension of pairs of continuous and bounded, partial metrics
which agree on the non-empty intersections of their domains which are closed and bounded
subsets of an arbitrary but fixed metric space. Two pairs of such metrics are close if their
corresponding graphs are close and if the intersections of their domains are close in the Hausdorff
metric. If, besides, these metrics are uniformly continuous on the intersections of their domains
then there is a continuous positive homogeneous operator extending each such a pair of partial
metrics to a continuous metric on the union of their domains. We prove that, in general, there
is no subadditive extension operator (continuous or not) for such pairs of metrics. We provide
examples showing to what extent our results are sharp and we obtain analogous results for
ultrametrics.
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PaccmarpuBaercs 3ajiada MpOJIOIKEHUsT TAp HEIPEPBIBHBIX M OTPAHUYICHHBIX YACTHIHBIX
METPHUK, COIVIaCOBAHHbBIX Ha HEIIYCTBIX IIE€pECCYCHUAX X O6JIaCTeI71 onpe/ieJIeHnd, KOTOPbIE ABJIsA-
FOTCsT 3aMKHYTBIMI U OI'PAHUYEHHBIMU TIOMHOYKECTBAMU IIPOU3BOJILHOIO, HO (PUKCUPOBAHHOI'O
METPUYECKOr0 IPOCTPaHCTBa. /IBe mapbl TakKmx MeTpUK OJIM3KHU, €CJIM X COOTBETCTBYIOIINE
rpaduKu u repecedeHns ux obJacteil onpeeenns: OJU3KN OTHOCUTEIBHO METPUKU XayCI0p-
da. Eciau, kpome TOro, 3T METPUKN PABHOMEPHO HEMPEPBHIBHBI Ha MIEPECEUEHUTX NX 00IacTeit
OTIPEJIeJIEHNsI, TO CYIIECTBYET HEIIPEPBIBHBIN MTOJIOXKUATEIBHO OJHOPOHBIN OIIEpATOD, TPOJI0JIKA~
FOIUI KaXK/IyI0 Iapy TaKUX YACTUYHBIX METPUK JIO HENPEPBIBHOI METPUKH HA O0beIUHEHUU
ux obsracreil omnpejienenns. Jlokazano, 9To, BOOOIE TOBOpsi, HE CYIIECTBYET CYOaIUTHBHO-
ro OIepaTopa IPOJOJKeHUs (HEIPEPHIBHONO WM HET) JJisi TAKUX [1ap METPUK. AHAJIOMUYHbIE
PEe3YJIbTATHI TTOJIYYEHBI JJIs YIBTPAMETPHUK.

1. Introduction. The problem of extending a metric from a closed subset of a metrizable
topological space to a metric generating the topology of the whole space was initially consi-
dered and solved by F. Hausdorff [3]. His result obtained new proofs and was improved
in the works of R. Bing, R. Arens, H. Torunczyk and other authors. A counterpart of the
Dugundji extension theorem for the case of metrics was obtained by T. Banakh [1]. The
next step in the generalization of known results on this topic was related to the problem
of simultaneous linear extension of metrics with variale domains. E. D. Tymchatyn and
M. Zarichnyi [7] recently constructed a continuous linear operator extending metrics defined
on variable closed subsets of a compact metrizable space. In [8] and [6] a similar problem
was considered for the case of ultrametrics.

Let A and B be closed subsets of a metric space X such that AN B # @. R. Bing [4]
proved that if p; and ps are continuous, partial metrics on A and B respectively which agree
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on AN B then one can extend p; and ps to a continuous metric on A U B. We call such a
pair of metrics (p1, p2) admissible if additionally p; and py have bounded graphs.

In this paper we consider the problem of simultaneous, continuous extension of all admi-
ssible pairs of partial metrics to the unions of their domains. We identify every bounded
metric which has a bounded domain with its graph. Two admissible pairs of partial metrics
are close if the corresponding graphs are close and the intersections of their domains are
close in the appropriate Hausdorff metric.

We use Bing’s extension to obtain a continuous extension operator on the set of all admi-
ssible pairs of metrics that are uniformly continuous on the intersections of their domains.
We give an example which shows that the assumption of uniform continuity of metrics on
the intersections of their domains is essential for continuity of the extension operator. We
prove that, in general, one cannot extend admissible pairs of uniformly continuous metrics
to uniformly continuous metrics. We also provide an example which shows that, in general,
one cannot get a counterpart of the result obtained in [7] for the current setting. That is,
there is no linear or even subadditive extension operator for admissible pairs of metrics. This
answers in the negative the question from the Lviv topological seminar on the existence
of such linear extensions. Analogues of the above problems are also solved for the case of
ultrametrics.

2. Preliminaries. Let (X,d) be a metric space and denote by CL,(X) the space of its
nonempty closed bounded subsets with the Hausdorff metric H generated by d. Recall that
this means that

H(A, B) = max {Sup d(a, B),sup d(b, A)}

acA beB
for every A, B € CLy(X).

Definition 1. A metric p on A € CLy(X) is called continuous if p(x,,x) — 0 whenever
d(z,,z) — 0 for a sequence {r,} C A and z € A.

Definition 2. A metric p on A € CLy(X) is called uniformly continuous if for every ¢ > 0
there is 0 > 0 such that for all z,y € A we have p(x,y) < ¢ whenever d(z,y) < J.

Definition 3. A metric p on A € CLy(X) is called Lipschitz if there is A > 0 such that
plx,y) < Md(z,y) for all z,y € A.

For A € CLy(X) let M(A) stand for the set of all continuous bounded metrics on
A. For every A € CLy(X) the set M(A) is a positive cone in the sense that it is closed
under the operations of pointwise addition and multiplication by a positive number. For
A € CLy(X) we write domp = A if p € M(A). Every metric p from M(A) can be identified
with its graph I', = {(z,y,p(z,y)) € A x A x [0,00)} which is a closed and bounded
subset of the space X x X x R with metric d defined by the formula d[(a,b,t), (a/,0',t')] =
d(a,a’) 4+ d(b,b') + |t — | for a,b,a’, € X and ¢, € R. Let H be the Hausdorff metric on
CLy(X x X x R) generated by d. Consider the set M = U{M(A) | A € CLy(X), |A| > 2} of
all partial continuous bounded metrics with closed and bounded domains in X. Then M can
be viewed as a subspace of the space CL,(X x X x R). Therefore, we can take the distance
between two metrics in M to be the Hausdorff distance between their graphs. Let

P = {(p1,p2) € M(A) x M(B) | A, B €CL(X), ANB 42, |4 >2,|B|>2
and p; = ps on (AN B) x (AN B)}.
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So, the set P consists of all pairs of partial continuous bounded metrics which agree on
the non-empty intersection of their domains. We will call them admissible pairs of metrics.
A sequence (p7, py) from P converges to (py, p2) € P if and only if

T =T, Ty =T, in CLy(X x X x R)
and domp] N dompy — domp; N dompy in CLy(X).

Definition 4. Let A € CLy(X) and let Ay C A be closed in A. We will say that a metric
p € M(A) is uniformly continuous on Ay if for every £ > 0 one can find § > 0 such that for
every a € A and ag € Ay we have p(a,ag) < € whenever d(a, ag) < 0.

Note that the above condition for p is stronger than the condition of uniform continuity
of the restriction p|a,xa,. Let

Pu={(p1,p2) € P | p1 and p, are uniformly continuous on domp; N domps}
be the subspace of P consisting of all admissible pairs of partial metrics that are uniformly

continuous on the intersection of their domains. Let N stand for the set of all positive integers.

3. Extending metrics. We will need the following definitions:

Definition 5. A map u: P — M is called an extension operator if

u(p1, p2) € M(domp; Udomps), u(p1, p2)|domps xdomps = £1 and w(p1, p2)|domps xdomps = P2
for every (p1, p2) € P.

Definition 6. An extension operator u: P — M is positive homogeneous if u(cpy,cps) =
cu(p1, p2) for every (p1,p2) € P and ¢ > 0.
The operator u is called additive (respectively, subadditive) if

u((p1, p2) + (01,02)) = (respectively, <) u(p1, p2) + u(o1,02)

for every (p1, p2), (01,02) € P with domp; = domo; and domp, = domos,.
The operator u is called linear if it is additive and positive homogeneous.

Theorem 1. There exists an operator u: P — M with the following properties:
(i) u is an extension operator;
(ii) w is positive homogeneous;
(iii) for every (p1,p2), (01,02) € P with domp; = domo; and domps = domo, we have
u((p1, p2) + (01,02)) = u(pr, p2) + u(o1, 02);

(iv) the restriction ul|p, is a continuous map.

Proof. For (p1,p2) € P with domp; = A and domp, = B it is enough to define the di-
stance u(p1, p2)(x,y) between all z and y such that x € A\ B and y € B\ A. It is known
[4, Theorem 4] that there is an extension of the pair (p1, p2) to a continuous metric p on
A U B defined by the formula p(z,y) = inf,canp{pi(z,a) + p2(y,a)} for x € A\ B and
y € B\ Aand p(x,y) = pi(z,y) if x,y € domp;, © € {1,2}. Let u(p1, p2) = p and verify the
rest of the conditions stated for w.
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It can be easily seen from the definition of the operator u that it is positive homogeneous.

Now suppose that (p1, p2) and (01, 02) are pairs of metrics from P with domp; = domo; =
A and dompy = domoy = B. If x,y € A we obtain u(p; + o1, p2 + 02)(x,y) = p1(x,y) +
o1(z,y) = u(p1, p2)(x,y) + u(oy, 09)(x,y). The case when z,y € B is similar. Now for every
x € A\ B,y € B\ A by properties of inf we obtain

u(py + o1, p2 + 02)(2,y) = ,Juf {p1(z,a) + o1(x,a) + p2(y,a) + 02(y,a)} >

> dnf {pi(z,0) +pa(y,a)} + it {o1(z,a) +0a(y, a)} = ulpy, p2)(2,y) +u(on, 02)(2,y).

Finally, let us prove the continuity of the restriction u|p,. Let (p, pi) be a sequence in
P. converging to (p1, pa) € Py, domp} = A,,, dompy = B,,, domp; = A, domps = B. Note
that this implies H(A,,A) — 0, H(B,,B) — 0 and H(A, N B,) - H(AN B) as n — 0.
We are going to prove that H’(Fu(prf,p@, Lu(pr,p0)) — 0 @s n — oo,

Choose an arbitrary € > 0. Since p; and ps are uniformly continuous on A N B, there
exists 0 < § < /4 such that

(a) for every x € A and a € AN B we have py(z,a) < £/8 whenever d(z,a) < J;

(b) for every y € B and a € AN B we have ps(y,a) < £/8 whenever d(y,a) < 6.
Then for all sufficiently large n the following conditions are satisfied:

(1) HA,NB,, AN B) < /4

(2) H(Tpy,Tpy) < 8/4;

(3) H(,»,T,,) < /4.

Py
Suppose that n is fixed and large enough so that the above conditions are true. Take any
point (T, Yn, u(PT, 05 )(Tn; Yn)) € Lu(or on)- Since u is an extension operator in the case when
T, Yn € Ay, by (2) there exist x,y € A such that

d(x,zn) + d(y, yn) + |u(pr, p2)(x,y) — u(pt, p5) (X0, yn)| =
= d(x, zn) + d(y, yn) + |p1(2,y) — pT (@0, yn)| < /4 <e.

If z,,y, € B, we use (3) to get the needed inequality.
Now suppose that z,, € A, \ B, and y,, € B, \ A,. Since

ulpls p2)(@nyyn) = 0k {pY (20, @) + 03 (yn, @)},
one can find b, € A, N B, such that p}(z,, b,)+p5 (Yn, bn) —€/8 < u(pt, p3)(xn, yn). Using (2)
and (3), we find points (z,, p1(x,0')) € 'y, and (y,b", p2(y, b")) € I, such that d(z, z,) +
AV, b) + 191 (2,5) — 072 b)) < 6/4 and Ay, o)+, )+ |02(0, 5) — 75 (5 bu)] < /4.
Since b, € A, N B,, by 1) we can find b € AN B with d(b,b,) < 6/4. Then d(b,b") <
d(b,b,) +d(V',b,) < §/4+ /4 =6/2 and d(b,0") < d(b,b,) + d(b",b,) < §/4+ /4 =6/2.
Therefore, py(b,0') < e/8 by (a) and p2(b,b") < ¢/8 by (b). We obtain

u(p1, p2)(x,y) < p1(x,0) + p2(y, b) < pr(x, ) + p1(b,0") + p2(y, ") + p2(b,0") <

0 )
pr(@ V) + = oy 6") = < A (s ba) + 3+ P (Y ba) + 7+ S <

8 8 4 4 4
W n e 0 ¢ I €
u(pl7p2)(mn7yn>+8+2+4 <U(p1,,02)(33n,yn)+2
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Similarly we show that u(py, p5)(xn, yn) < u(p1, p2)(x,y)+3¢/4. To do this we will need only
to prove that we can use analogues of conditions (a) and (b) for pt and p} respectively with
parameters /2 instead of § and /4 instead of £/8. Suppose that !, € A,, a/, € A, N B,
are such that d(z),,a),) < 6/2. Then by (2) there exists (2/,d’, p1(2',a’)) € I',, such that

n»-n

A, 20) + da,dl) + lor(«',a') — pi(,al)] < 6/4. Since
/ / / / / / / !/ 6 5 5
d(2',ad") < d(2',z;) + d(x),, a,) + d(a,,a’) < Z_l+§ +Z =0,
we use (a) to obtain pf(z),a),) < pi(a',d') + /4 < /8 + /4 < /4. Similarly, we get

s (yl,al) < e/4 for every y, € B, al, € A, N B, with d(y,,,al,) < /2.
Thus, we obtain

~ 60 & 3¢ & 3¢

d[('xvuynau(p17p2)(xn7yn>>7 (x>y7u(p17;02>(x7y>>] < Zl + 4_1 + Z < é + Z <e.

Using the same argument as above we can prove that, for every point from the graph of
the metric u(py, p2), there is a point from the graph of u(p}, pi) which is e-close. This means
that H (Lugpnpn)s Tugor,p2)) < € and so, the restriction of the operator u to P, is continuous
with respect to the Hausdorff metric topology on M. O

The following example shows that the condition of uniform continuity of metrics on the
intersections of their domains is essential for the convergence of their extensions.
Example 1. Let X = {z,y,c} U{a; | i € N}U{b; | i € N} be a discrete space and X* be its
one-point compactification. Let d* be a metric on X* and d = d*|x«x. Let A = {z,c}U{a; |
i € N} and B = X \ {z}. Therefore, AN B = {c}U{a; | i € N}. Define a metric p; on A by
setting py(x,z) = 1if z € A\ {z} and p1(z,2') =1/2if z # 2’ and 2,2’ € A\ {z}. Let py be
the metric on B defined as follows:

3 1
p2(y,¢) = p1(y,a;) = 1, pa(y,b;) = 1 for i € N; po(z,2) = 5 for all other z,2" € B, z # 2.

Then p; and py are continuous metrics that agree on AN B and which are not uniformly
continuous on A N B. For every n € N we define metrics p} and pj on A and B respectively
by p} = p1 and

%’ if {Za Z,} = {ya an}a

1, if {z,2'} = {y, bn},

p2(z,2"), otherwise.

p3(2,2") =

So, in order to get pj from p, we interchange the po-distances between y and a,, and y and b,,.
To check that I'yp converges to I',,, consider any ¢ > 0. Suppose that n is large enough so
that d(a;,b;) < € whenever i, > n. Then for (a,,y,1) € 'y, we choose (bn,y,1) € T'yp
to get d[(an,y,1), (bn,y,1)] = d(an,b,) < . Now for the point (b,,y,3/4) € T',, the point
(an,y,3/4) € T'yp is e-close. Since all the remaining points from I',, are the same as the
remaining points in I',z, we conclude that ﬁ(l“pg, I'),) = 0asn — oo. Since I:I(Pprlz, r,)=0
and domp} N dompl = domp; N domp, for all n € N, we observe that (pf, p5) — (p1,p2)
in P. From the definition of the extension operator we obtain u(ps, p2)(z,y) = 2. Now for
every n € N we get u(pf, p5)(z,y) = pi(x, a,) + p5(an,y) =1+ 3/4=7/4.

One can see now that cZ[(:z:,y,2),Fu(p?7p3)] > 1/4 for every n € N. So, the graphs of
u(pt, pi) do not converge to the graph of u(py, p2) in the Hausdorff metric.
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From our next example one can see that, in general, there is no subadditive extension
operator for pairs of metrics from P.

Example 2. Suppose that there exist discrete subspaces A = {x,a,b} and B = {y, a, b} of
the metric space (X, d) with x # y and consider four pairs of uniformly continuous metrics
which agree on AN B = {a,b}. Let (p1,p2), (p},05), (01,02), (01,05) € P be defined as
follows:

pi(z,a) =1, pi(z,b) =6, pa(y,a) =1, p2(y,b) =4, pi(a,b) = p2(a,b) =5,
pr(z,a) =6, pi(z,0) =1, phy,a) =4, po(y,b) =1, pi(a,b) = ph(a,b) =5,
o1(z,a) =1, o1(x,b) =6, o2(y,a) =2, o3(y,b) =3, 01(a,b) = o2(a,b) =5,
oi(x,a) =6, oi(z,b) =1, o5(y,a) =3, o5(y,b) =2, o1(a,b) = oh(a,b) =5.

In order to extend these pairs of metrics, we have to define the distances between z and y
only. Suppose that v: P — M is an additive extension operator. Since v(p;, p2) satisfies the
triangle inequality, we should have

2= p1($, b) - p2(ya b) = U(ppr)(xv b) - U(plpr)(yv b) < U(plv pz)(fE, y) <
< v(p1, p2) (@, a) + v(p1, p2)(y, a) = p1(z,a) + p2(y, a) = 2.

So, v(pr, p2) (. ) = 2. Similarly, v(p}, p4)(z, ) = 2. Now consider the pair (1, pa)+ (s}, p) =
(p1 + pl, p2 + ph). Adding pointwise, we obtain

(pl + pll)(‘r7 a) = 7a (pl + pll)(‘r7 b) = 7a (p2 + p/2)(y7 (l) =9, (pQ + pé)(y’ b) =9,
(p1+ p1)(a,b) = (p2 + p3)(a,b) = 10.
Since v is additive, we obtain v(p1 + pi, po + p)(z,y) = v(p1, p2)(x,y) + v(p}, po)(z,y) =

24+2=4.
Now for v(0oq, 09) to satisfy the triangle inequality we should require

3 =01(x,b) — 02(y,b) = v(01,02) (2, ) — v(0o1,02)(y,b) < v(o1,02)(7,y) <
< (o1, 02)(z,a) +v(01,02)(y, a) = o1(x, a) + 02(y, a) = 3.
So, v(oy, 09)(z,y) = 3. Similarly, v(o], o) (z,y) = 3.
If we consider the pair of metrics (o1 + 0/, 02 + ), then we obtain

(o1 +01)(z,a) =7, (o1 +01)(,b) =7, (024 03)(y,a) = 5, (02 +05)(y,b) =5,
(o1 + 01)(a,b) = (o9 + 05)(a,b) = 10.

Since v is additive, we obtain
v(o1 + 01,02 + 03) (2, y) = v(o1,02)(2,y) +v(07, 05) (2, y) =3+ 3 =6.

But (01 + 01,02 + %) = (p1 + p}, p2 + ph), so, we get a contradiction. This means that v
cannot be additive and thus cannot be linear. Now using Theorem 1, we can conclude that
v cannot be subadditive because the extension described in Theorem 1 is the only possible
one for the pairs (p1, p2), (P}, p5), (01,02) and (o7, 7).

Now we consider an example which shows that, in general, one cannot extend a pair of
uniformly continuous metrics p; and p, on domp; and domp, respectively to a uniformly
continuous metric on domp; U domps.
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Example 3. Let (X, d) be the subspace of the real line with the standard metric d defined
as follows: X = {1,3}U{2™" | n € N}U{3™™ | n € N}. Then A = {1,3}U{27" | n € N} and
B ={1,3}U{3™" | n € N} are closed subsets of X with ANB = {1,3}. Let o, be the metric
on A which coincides with d. Construct a metric o5 on B so that the resulting metric space
(B, 09) is isometric to the subspace B" = {1,3} U{2+ 37" | n € N} of the real line with
the standard metric d where the isometry i: (B, 03) — (B’,d) is defined as follows: i(1) = 1,
i(3) =3 and i(37") = 2+ 37" for n € N. It is clear that (o1,02) is an admissible pair of
uniformly continuous metrics with respect to the standard metric d on X. We are going to
show that there exists a unique extension of the pair (o1, 02) to a metric v(oy,05) on AU B
which, however, is not uniformly continuous. Let a =1, b = 3, x,, = 27 and y, = 37" for
n € N. We have to define only the distances between z,, and y,, n, k € N. We obtain

3-2"—(3-2-3M=2-2""13"%=0(2,,b) — 021, b) =
— U(O-l) 0-2)(1;717 b) - U(Jla 02>(yk) b) S /U<O-1a 02)(%17919) S U(O-h 0-2)(1;7” CL) + U(O-l) JQ)(ka (l) -
= 01(2n,a) Foa(yp,a) =1 —-2""+243F 1 =2-27"437F

So, v(01,02) (T, yi) = 2— 27"+ 37" for every n, k € N. To see that v(oy, 73) is not uniformly
continuous on A U B, we note that d(x,,yx) can be made arbitrarily close to zero by taking
sufficiently large n and k while v(oy, 09) (2, yx) > 1 for all n, k € N.

Observe that o, and oy are also Lipschitz metrics on A and B respectively. So, using
Example 2 we see that, in general, there is no linear extension operator preserving Lipschitz
property of metrics defined on closed and bounded subsets of X.

4. Extending ultrametrics. As a special case of the above problem, we consider extensions
of pairs of ultrametrics which are defined on closed, bounded subsets of a zero-dimensional
metric space X and which agree on the intersection of their domains. Recall that a metric r
on a set Y is called an ultrametric if it satisfies the strong triangle inequality

r(z,y) < max{r(z,z),r(z,y)}

for every x,y, z € Y. It is known that a metric space Y admits an ultrametric which generates
its topology if and only if dimY = 0. Any triangle in an ultrametric space is isosceles with
base length less than or equal to the length of the equal legs. The sum of two ultrametrics
need not be an ultrametric, so there is no sense to consider linear operators extending
ultrametrics. However, the maximum of two ultrametrics is always an ultrametric. Let X be
a zero-dimensional metric space. For A € CL,(X) consider the set UM (A) of all continuous
bounded ultrametrics defined on A. For every A € CLy(X) the set UM (A) is closed under
the operations of taking pointwise maximum and multiplying by a positive number. Let
UM = U{UM(A) | A € CLy(X), |A| > 2} be the set of all partial continuous, bounded
ultrametrics with domains in CL,(X). We may view UM as a subspace of M, so that it
inherits the topology of convergence in the Hausdorff distance in M.

As for the case of metrics, we define the sets of admissible pairs of partial continuous
ultrametrics on closed and bounded subsets of X:

PU = {(p1,p2) €UM(A) XUM(B) | A, B € CLy(X), ANB # @, |A] > 2,|B| > 2
and p; = pyon (AN B) x (AN DB)}

Also let PU, = {(p1, p2) € PU | p1 and p, are uniformly continuous on domp; N domps}.
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We consider PU and PU, as subspaces of P. As in the case of metrics, we are able to
construct an extension operator preserving ultrametrics. We obtain an analogue of Theorem 1
for ultrametrics:

Theorem 2. There exists an operator w: PU — UM with the following properties:
(') w is an extension operator;
(if') w is positive-homogeneous;
(iif') for every (pi, pa), (01,02) € PU with domp; = domo; and dompy = domoy we have
w(max{(py, p2), (01, 02}) = max{w(p1, p2), w(0o1, 02)}-
(iv') the restriction w|py, — UM is continuous.

Proof. We use a slight modification of the extension operator in Theorem 1 (see |9, Theo-
rem 2.2|). Define an operator w: PU — UM by the formula

w(pr, p2)(,y) = inf  max{pi(z,a), p2(y, a)}
acdompiNdomps
for x € domp, \ domps, y € domps \ dompy, (p1,p2) € PU and let w(py, p2)(x,y) = pi(z,y)
if z,y € domp;, i € {1,2}. The properties of w can be checked as for the case of metrics. [

The following example shows that, in general, there is no extension operator for admissible
pairs of ultrametrics which preserves maxima of ultrametrics. That is, we cannot, in general,

get w(max{(p1, p2), (01,02)} = max{w(p1, p2), w(o1,02)} for every (p1,p2),(01,02) € PU
with domp; = domo; and domp,; = domos.

Example 4. Suppose that there exist discrete subspaces A = {z,a,b} and B = {y, a, b} of
X with z # y. Let ultrametrics (p1, p2), (0], p5), (01, 02), (07, 05) € PU be defined as follows:

pi(z,a) =1, pi(z,0) =2, pa(y,a) =2, pa(y,b) =2, pi(a,b) = pa(a,b) = 2,
pr(z,a) =2, pi(z,0) = 1, py(y.a) =2, py(y,b) =2, pi(a,b) = pi(a,b) =2,
o1(z,a) =1, o1(z,b) =2, 03(y,a) =1, o9(y,b) =2, o1(a,b) = 0s(a,b) =2,
ol (x,a) =2, oi(x,b) =1, o5(y,a) =2, o5(y,b) =1, o(a,b) = dh(a,b) = 2.

Assume that there exists an operator v: PU — UM which preserves maxima of ultrametri-
cs. Since v(p1, p2)(x,a) = pi1(z,a) = 1 and v(py, p2)(y,a) = p2(y,a) = 2 we should have
v(p1, p2)(x,y) = 2 because v(py,p2) is an ultrametric. Similarly, for (p},p,) we obtain
v(py, po) (2, y) = 2.

Now the pair of ultrametrics max{(p1, p2), (1, p5)} = (max{p1, p}}, max{p, ps}) assi-
gns the distance 2 to every pair of distinct points. Since v preserves maxima, we obtain
v(max{(p1, p2), (p1, p2)}) (2, y) = max{v(p1, p2)(z, y), v(p, p3) (@, y) } = 2.

Now since v(oy,09)(x,a) = v(o1,02)(y,a) = 1, we see that v(oy,09)(x,y) < 1. Similarly
we obtain v(o}, ob)(z,y) < 1.

The operator v preserves maxima of ultrametrics, so we obtain

v(max{(01,02), (01,09) })(, y) = (max{v(o1, 02)(x,y), v(o1, 03) (2, 9)}) < 1

as we just noticed.
But it is clear that max{(cy,72), (0}, 0)} = max{(py, pa), (s, ph)}, s0 we should have
v(max{ (o1, 02), (o4,05)})(z,y) = 2. A contradiction.
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Our last example which is an analogue of Example 3 shows that, in general, the extensi-
on of a pair (p1, p2) of uniformly continuous metrics need not be uniformly continuous on
domp; U domps.

Example 5. Let (C, d) be the Cantor ternary set with the ultrametric d defined as follows:

—k : .
d(t.5) = ({1}, {5.)) = {B”“{Z B
, ift=s
for every t, s € C. So, we regard every point ¢ from C as a sequence {t,} € {0, 1}V. Let (X, d)
be a subspace of (C, d)) defined as follows: X = {1/3,1}U{372" | n € N}U{37*""! | n € N}.
Consider closed subsets A = {1/3,1}U{37?" |n € N} and B = {1/3,1} U{37*! | n € N}
of C. It is clear that AN B = {1/3,1}. Let oy be the metric on A which coincides with d.
Construct a metric o2 on B so that the resulting metric space (B, 0y) is isometric to the
subspace B = {1/3,1} U{2/3+372""1 | n € N} of (C,d) where the isometry i: (B, 0s) —
(B',d) is defined as follows: #(1/3) = 1/3,i(1) = 1 and ¢(372""!) =2/3 +372""! for n € N,
One can see that (07, 09) is an admissible pair of uniformly continuous metrics with respect
to the ultrametric d on C. Let us show that there exists a unique extension v(oy, 02) of the
pair (01, 02) to an ultrametric on AUB. This extension is not, however, uniformly continuous.
We use denotations a = 1/3, b= 1, z, = 37?" and y, = 372!, n € N for the elements of
AU B. We need to define only the distances between x,, and y;, for n, k € N. We obtain

v(o1, 09) (@, yp) < max{v(oy, 02) (s, a),v(o1,09)(a, ye)} =

11 1
= max{m(xn,a),az(a,yk)} = max {17 5} = 5

On the other hand,

% = 01(xn, b) = v(0oy, 02) (2, b) < max{v(oy, 02)(Tn, Yx), v(01, 02) (Yk, b) } =

= max {U(Ul, 02)(Tn, Yr), i} = v(o1,092)(Tn, Yr)-
Together these inequalities imply v(oy, 09) (2, yx) = 1/2 for every n, k € N. Now v(0y, 09) is
not uniformly continuous on A U B because d(x,,yx) can be made arbitrarily close to zero
by taking sufficiently large n and k, while v(oy, 02)(zn, yx) = 1/2 for all n, k € N.

Note that o and o9 are also Lipschitz ultrametrics on A and B respectively. As a conse-
quence, we conclude that, in general, there is no extension operator preserving admissible
pairs of Lipschitz ultrametrics defined on closed and bounded subsets of X.
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